Using a massless scalar field as a clock variable, the Legendre transform of the group field theory Lagrangian gives a relational Hamiltonian. In the classical theory, it is natural to define 'equal relational time' Poisson brackets, where 'equal time' corresponds to equal values of the scalar field clock. The quantum theory can then be defined by imposing 'equal relational time' commutation relations for the fundamental operators of the theory, with the states being elements of a Fock space with their evolution determined by the relational Hamiltonian operator. A particularly interesting family of states are condensates, as they are expected to correspond to the cosmological sector of group field theory. For the relational Hamiltonian considered in this paper, the coarse-grained dynamics of a simple type of condensate states agree exactly with the Friedmann equations in the classical limit, and also include quantum gravity corrections that ensure the big-bang singularity is replaced by a bounce.
I. INTRODUCTION
In general relativity, the Hamiltonian is a constraint that generates gauge transformations corresponding to time-like diffeomorphisms, which include translations in time. Therefore, in a quantum theory of gravity physical states are annihilated by the Hamiltonian constraint operator, and gauge-invariant observables (also known as Dirac observables) are necessarily invariant under time translations. Because the observables in physical states are 'frozen' in this sense, there is no immediate notion of dynamics, or of evolution in time. This is known as the problem of time in quantum gravity.
One possible solution to the problem of time is to consider relational observables [1] [2] [3] [4] [5] . These are observables where the first operatorÔ 1 is evaluated at the 'instant' that another operatorÔ 2 has a specific eigenvalue λ o . Then, by considering how the expectation value ofÔ 1 depends on the eigenvalue ofÔ 2 , it is possible to speak of the 'relational evolution' of O 1 with respect to O 2 .
While this construction of relational observables is always possible for any operatorsÔ 1 andÔ 2 , there is no guarantee that the resulting 'relational evolution' is meaningful. Relational observables are typically most useful when the relational clock O 2 corresponds to an observable that in the classical theory evolves monotonically in time. One simple example of a good relational clock is a massless scalar field; this has been used to define relational dynamics in, among others, canonical loop quantum gravity [6] and loop quantum cosmology [7] . Other examples of matter fields used as relational clocks include dust fields [8] [9] [10] and Maxwell fields [11] ; clocks corresponding to geometric observables have been considered as well [12, 13] .
Relational observables have also been used in group field theory (GFT), a second-quantized reformulation of loop quantum gravity. Specifically, relational dynamics * edward.wilson-ewing@unb.ca were extracted from GFT condensate states. As condensate states impose homogeneity in the sense that all quanta are in the same state, condensates are expected to correspond to (at least part of) the cosmological sector of GFT [14] . For this reason, it is interesting to determine how the spatial volume of the space-time evolves with respect to the massless scalar field that is the matter content of the space-time. These relational equations of motion can be translated into the Friedmann equations; they have the correct classical limit for a flat Friedmann-Lemaître-Robertson-Walker (FLRW) spacetime minimally coupled to a massless scalar field, and they also include quantum gravity corrections that generically replace the big-bang singularity by a non-singular bounce [15] .
The successful use of relational observables to extract the dynamics of GFT condensate states suggests that it may be possible to use a relational framework more generally in group field theory. In this paper, a relational Hamiltonian is derived for group field theory from the Legendre transformation of the theory's Lagrangian, using a matter field as the clock variable.
II. GROUP FIELD THEORY
One motivation to introduce group field theory comes from loop quantum gravity. Spin foam models, a covariant approach to loop quantum gravity, gives a prescription to calculate transition amplitudes between an 'initial' and a 'final' quantum state using a sum-overhistories approach [16] .
A possible basis for the initial and final quantum states is given by spin-networks, i.e., graphs coloured by group elements. It is possible to interpret a spin-network as a many-particle state, with each spin-network node and the 'half-links' emanating from it corresponding to one (group-valued) 'particle' or 'quantum of geometry' [17] . (These quanta can be joined into a spin-network by acting on the 'node' particles with gluing operators in the form of projectors.) Non-trivial dynamics occur when spin-network nodes meet and interact. In this langauge, a spin foam model provides the Feynman rules for the allowed interactions between spin-network nodes in the theory.
It is possible to construct a field theory with an action S[ϕ] such that the perturbative expansion of the partition function Z = Dϕ e −S [ϕ] gives the Feynman rules for any spin foam model [18, 19] . For this to work, the field ϕ must carry the same degrees of freedom as a spin-network node (and the 'half-links' emanating from it), and therefore ϕ must be defined on a group manifold. Such a theory is known as a group field theory (GFT). Given the GFT action, it is then possible to study quantum gravity effects, not only in terms of the spinfoam amplitudes that arise perturbatively from the GFT partition function, but potentially also using other nonperturbative techniques.
Note that S[ϕ] appearing in the GFT partition function can be interpreted as an action, using a quantum field theory interpretation, or as an 'energy' (although perhaps with a different physical interpretation) in the statistical weighting of different GFT excitations, using a statistical mechanical interpretation as proposed for example in [20] . Here, following the quantum field theory interpretation, S[ϕ] is taken to be the GFT action.
The group field theory of interest here describes 4dimensional Lorentzian gravity minimally coupled to a massless scalar field χ that will be used as a relational clock. Specifically, this GFT is based on a realvalued field ϕ defined on SU (2) ×4 × R, denoted by ϕ(g 1 , g 2 , g 3 , g 4 , χ) with g i ∈ SU (2) and χ ∈ R; there exists an embedding of the SU (2) group elements g i in SL(2, C) that captures the Lorentzian geometric degrees of freedom [21] , while χ represents the matter content. (Only four-valent spin-network nodes are allowed in this particular GFT.) The field ϕ must satisfy the equation of motion
where S[ϕ] is the (classical) GFT action that generates the Feynman rules for the spin foam model (the explicit form of the GFT action for this theory is given below), and ϕ must also satisfy the gauge-invariance condition of invariance under group multiplication from the right,
(This is called the gauge-invariance condition since it encodes the gauge invariance satisfied by nodes in a spinnetwork.) For more on GFT see, e.g., [17, 22, 23] . It is often convenient to use the Peter-Weyl theorem to express the GFT field as
where d(j a ) = 2j a + 1, the D j mn (g) are the Wigner matrices, and the intertwiners I arise due to the invariance under group multiplication from the right in the GFT field. Here ϕ( g, χ) ≡ ϕ(g 1 , g 2 , g 3 , g 4 , χ) and it is understood that there are 4 j and 4 m labels in each of ϕ ,ι m and I ,ι n , for example
and ι labels the possible intertwiners for each set (j 1 , j 2 , j 3 , j 4 ). Each pair of j i , m i lives on one of the four half-links leaving the node, while the intertwiner ι lives at the node. It is helpful to choose a basis of intertwiners that diagonalizes the action of the loop quantum gravity volume operator on a spin-network node; then in the quantum theory, quanta corresponding to ϕ ,ι m will carry a definite volume V ,ι given by the corresponding eigenvalue of the LQG volume operator.
The GFT action is chosen with an eye on the resulting quantum theory. Specifically, the kinetic and potential terms in the action are chosen so that the Feynman rules for the GFT give the edge and vertex amplitudes, respectively, in spin foam models. There are two key inputs that will be used here: (i) the edge amplitude in the spin foam models of interest here carries a Kronecker delta in the j i , m i and ι labels [21] , and (ii) for spin foam models with a scalar field as matter content, the vertex amplitude is expected to provide a product of Dirac delta functions between the values of χ in the GFT fields ϕ that meet at the vertex, implying that the interaction is local in χ [15, 24] . These properties can be used to restrict the form of the GFT action.
In addition, in simplicial gravity the interaction term is fifth-order in the GFT field, ∼ ϕ 5 . For concreteness, this is the form assumed here for the GFT action, but this can easily be generalized to allow other types of interactions.
Given the above, the GFT action is
where the kinetic term, whose inverse is the spin foam propagator, has the form
where the sum is over four j labels, four m labels, and one intertwiner label, while the interaction term has the form
where the sum is over 20 j labels, 20 m labels and 5 intertwiners ι, each ϕ contributing 4 j, 4 m and one ι.
The specific form of the GFT action will depend on the model of interest. For the case of χ being a massless scalar field, it is reasonable to assume that the kernel in the interaction term, V ji,mi,ιi (χ), is independent of χ, giving
ϕ a,ιa ma (χ).
Results obtained for vacuum Lorentzian gravity suggest the kernel V should involve a 15j symbol [21] . Finally, the symmetries of the action of a massless scalar field minimally coupled to gravity (invariance under χ → −χ and χ → χ+ χ o ) suggest that K should have the form [15] 
Since the kinetic term in the action is non-local in χ (in that it consists of two integrals over χ andχ rather than one integral over χ), it is convenient to rewrite it in terms of a derivative expansion in χ. Definingχ = χ + δχ, and performing a Taylor expansion in ϕ ,ι m (χ + δχ) around χ gives
with
Note that since the scalar field χ has dimensions of mass and assuming that ϕ is dimensionless,
as the Planck mass is the only dimensionful constant in the theory. Since higher order derivatives are suppressed by higher powers of , the leading order terms in K are n = 0, 1.
Therefore, the leading order contributions to the GFT action for gravity minimally coupled to a massless scalar field χ has the form
where the first term in (12) was integrated by parts and
As explained above, the sum in the kinetic terms is over 4 j i , 4 m i and one ι label, while the sum in the potential U [ϕ] is over 20 j i , 20 m i and 5 ι labels. Note that while the GFT action is non-local in the group elements, to leading order in the derivative expansion with respect to χ, the GFT action is local in χ. This GFT action has the same form as the action for a classical field theory (although the base manifold is SU (2) ×4 × R, not the R 4 of space-time), where χ now plays the role of time. The equation of motion for the GFT field ϕ can be derived directly from (1), or equivalently as the Euler-Lagrange equation for the GFT action S[ϕ] using χ as a time variable, with the result
δϕ ,ι m = 0, (14) which holds for each , m, ι. The expression for δU/δϕ follows from (13) . While the GFT Lagrangian (12) was constructed so that the perturbative expansion of the partition function reproduces the Feynman rules of a spin foam model, it is now possible to use the (classical) GFT action to develop other complementary formulations of the quantum theory.
III. LEGENDRE TRANSFORM
Given the GFT action (11) , it is straightforward to calculate its Legendre transform with respect to χ.
First, the momentum π conjugate to the GFT field ϕ is
since the potential is independent of ∂ χ ϕ. Then, the Legendre transform of the Lagrangian L with respect to χ gives the 'relational Hamiltonian'
Defining the 'equal relational time' Poisson brackets
the equations of motion for any (χ-independent) observable O in the GFT can be derived from
In particular, the equation of motion for ∂ χ ϕ gives (15) , and this combined with the equation of motion for ∂ χ π gives precisely the Euler-Lagrange equation (14) derived from the GFT Lagrangian L[ϕ].
Note that the 'equal relational time' Poisson brackets defined in (17) are analogous (though not identical) to the Poisson brackets posited in [25] (see also Sec. V in [20] ). On the other hand, they are quite different to the timeless Poisson brackets typically defined in GFT [17] .
IV. QUANTUM THEORY
An advantage of having a (relational) Hamiltonian for GFT is that it is possible to perform a canonical quantization of the theory, treating χ as a classical time variable.
The first step is to replace the equal time Poisson bracket for the basic GFT field ϕ and its momentum π by commutation relations for the corresponding operators,
The above expression is given in the Schrödinger picture, in the Heisenberg picture (19) would be given in terms of 'equal relational time' commutation relations. As usual, these operators can formally be represented bŷ
The relational Schrödinger equation for GFT wave functionals isĤ
with the Hamiltonian operator
Given that the Hamiltonian contains terms that are quadratic in the field and its momentum, it is convenient to introduce creation and annihilation operators corresponding respectively tô
, m,ι and K
, m,ι may be positive or negative, depending on the specific form of the GFT action.) As usual, the creation and annihilation operators satisfy the commutation relations
Since the ladder operators satisfy the commutation relations (27) , GFT states live in the Fock space
where H is the 'single-particle' Hilbert space for SU (2) ⊗4 /SU (2) and S denotes the symmetrization of H ⊗n required by the bosonic statistics of the theory. As usual, the GFT Fock 'vacuum' state |0 is defined as the state annihilated by allâ , m,ι operators. Note that |0 is not necessarily an eigenstate of the Hamiltonian operator (even in the absence of a potential U ) depending on the signs of K
, m,ι . The creation and annihilation operators make it possible to speak of quanta of geometry: theâ † , m,ι create quanta of geometry, i.e., spin-network nodes labeled with , m, ι. So a spin-network with N nodes can be constructed by acting on the GFT Fock vacuum with N creation operators; connectivity between neighbouring nodes is imposed by projection operators acting on the two half-links that are to be connected, just as in the non-deparametrized theory [17] . In this reformulation of LQG (for gravity minimally coupled to a massless scalar field), the physical Hilbert space can be understood as the space of states that live in the GFT Fock space and satisfy the relational Schrödinger equation, which determines the relational quantum gravity dynamics. (It may also be possible to use other, non-Fock, representations of states [26] .)
The relational Hamiltonian can be expressed in terms of the creation and annihilation operators. If K 
In both cases
where the signs of K
, m,ι determine the overall sign of M , m,ι by ensuring that the overall signs agree between (23) and either (29) or (30) .
An important point is that it is only for the Hamiltonian (29) that the state |0 is an eigenstate of the Hamiltonian.
Of course, it is also possible that the two K have the same sign for some quantum labels , m, ι, and a different sign for others. As soon as one pair of K (0) and K (2) have opposite signs, |0 is not an eigenstate of the Hamiltonian.
If the Hamiltonian has at least one term of the form (30), then since the Fock vacuum state |0 is not an eigenstate ofĤ, |0 cannot be the vacuum state of the relational Hamiltonian, even approximately (and this is the case even if the interaction term vanishes). In this case, the 'no-space' state |0 is unstable and if initial conditions are chosen such that at some initial time χ o the state is |Ψ(χ o ) = |0 , the state will evolve away from |0 following
In this case, for the , m, ι for which the relational Hamiltonian has the form (30), the potential (neglecting U ) is an inverted harmonic oscillator with an unstable fixed point that quantum fluctuations will push the system away from, at which point the system will 'roll down' the potential. As a result, an initial state |0 will rapidly become excited, and since each quantum of geometry contributes some spatial volume, this state can be understood as a sort of expanding universe. This provides a realization of geometrogenesis: the instability of the no-space state ensures that geometric excitations arise. But more precisely, this is a type of bounce that goes through the zero-volume state since the evolution in the other direction of (relational) time is identical, due to the discrete symmetry χ → −χ in the GFT action and the invariance of |0 under relational time reversal. Quantum dynamics do not break down at the zero-volume state but simply evolve past it; these dynamics are studied in more detail towards the end of Sec. V. The instability in the Hamiltonian is important for cosmology: the universe can expand indefinitely. Quanta contribute volume to the space-time and having a Hamiltonian where the GFT field can escape to infinity is one way to allow for an unending expansion of the universe. Based on this argument, from a cosmological perspective the relational Hamiltonian of the form (30) appears to be the most interesting one. (Of course, the same Hamiltonian should be used for all states in GFT, no matter the space-time they may correspond to, but the cosmological sector suggests which choice forĤ may be the correct one.) It is interesting that an essentially identical Hamiltonian was proposed for the toy model considered in [25] , based only on cosmological considerations; here it arises from the relational quantization of the GFT action (11) .
Finally, the quantum theory has been defined here in the Schrödinger picture, with the quantum state evolving in relational time with respect to (22) while the basic operators, like the creation and annihilation operators, are independent of time. It is also possible to work in the Heisenberg picture, where states are independent of relational time while operators evolve aŝ
V. COSMOLOGY
In the context of GFT, the simplest condensate states are expected to correspond to (at least a portion of) the cosmological sector of the theory, since condensate states impose homogeneity at a microscopic and macroscopic level [14] . Specifically, in the limit that connectivity between spin-network nodes is ignored and that the interaction term U is negligible in the Hamiltonian, the flat FLRW space-time is expected to emerge from a suitable coarse-graining of a coherent state of the GFT creation operator. (These two assumptions are related as the interaction term creates correlations between quanta of geometry, and so generates connectivity.)
The assumption that connectivity can be ignored for the flat FLRW space-time is based on two arguments: (i) there is no need to encode spatial curvature in the connectivity, and (ii) the main observable of interest-namely the spatial volume-is independent of the connectivity structure between the quanta of geometry. In addition, the interaction term in the Hamiltonian is expected to be negligible when there are sufficiently few quanta so that (the expectation value of) the interaction term is negligible compared to that of the kinetic term in the Hamiltonian. For more on these approximations, see [15, 27] . If the interaction term is not negligible, connectivity may become important in which case a simple coherent state may not be sufficient to capture the physics of interest. The results derived in this section only hold in the regime where connectivity and the interaction term can safely be neglected.
Coherent states, in the Heisenberg picture, have the form
where σ 2 = j,m,ι |σ ,ι m | 2 and χ o is an arbitrary initial relational time. Here the (complex-valued) condensate wave function σ ,ι m determines the weighting of the creation operators for different excitations in the exponential. An important property of the states (34) is
In cosmology, one of the essential geometric quantities is the spatial volume. The spatial volume operator in GFT isV
where V ,ι denotes the eigenvalue of the LQG volume operator acting on a spin-network node with the quantum numbers , ι (recall the intertwiners have been chosen to diagonalize the LQG volume operator). From (35) , the expectation value of the spatial volume at the initial relational time χ o for the state |σ is
One of the key questions is to understand how assuming that the Hamiltonian has the form (30) (following the arguments towards the end of Sec. IV) and dropping the potential U [φ] which has been assumed to be negligible. For systems other than a simple harmonic oscillator, the coherent states (34) cannot be expected to be exact solutions of the quantum dynamics, but in some situations, especially when the interaction term is negligible as has been assumed here, they can provide a good approximate solution. This suggests that it is a reasonable approximation to assume that the relations (37) and (38) hold for some interval of (relational) time, not just at χ = χ o . In this approximation, the expectation value for the spatial volume is given by
while the dynamics follow from (38) ,
with * indicating complex conjugation. Denoting the complex expectation value
the initial conditions are given by 
The second differential equation can be solved by separation of variables, with the result
whereχ o , m,ι is a constant of integration determined by θ , m,ι (χ o ). From this, it is straightforward to integrate the equation of motion for ρ , m,ι , giving
with A , m,ι ≥ 0 another constant of integration fixed by the initial condition ρ , m,ι (χ o ). As a result, the expectation value for the spatial volume as a function of relational time is
This clearly shows that, so long as one A , m,ι is non-zero (which is true so long as at least one σ ,ι m = 0), the volume never vanishes. Further, at very early and very late relational times, the volume becomes arbitrarily large. As a result, the cosmology that emerges from coherent states in this relational GFT theory has a non-singular bounce with a large space-time on either side. It is also possible to extract information about the matter sector: in the relational framework developed here, (22) shows that the momentum of the massless scalar field (not to be confused with the momentum of the GFT field) is given byπ χ = i ∂ χ =Ĥ, so neglecting the potential term U in the relational Hamiltonian,
Evaluated on the condensate state, this gives
where the second equality is obtained by rewriting cos 2θ = 1 − sin 2 2θ and using (45) and (46). (For a massless scalar field, the overall sign of π χ is unimportant, so it is enough to take the positive root when solving for cos 2θ.) Note that π χ σ is a constant of the motion, as should be expected: π χ is a constant of motion for a free massless scalar field in an FLRW space-time.
Finally, consider the case where A , m,ι does vanish for some , m, ι. In this case, the state is in the 'particle vacuum' for that particular mode, which is unstable if the contribution to the Hamiltonian for these values of , m, ι is of the form (30) . Since the dynamics for each set of , m, ι decouple in the limit that U is negligible, it is possible determine the contribution for each , m, ι to the total volume separately, and sum over all , m, ι at the end. For each , m, ι that has a vanishing A , m,ι , their contribution to the volume (denoted byṼ , m,ι ) will evolve as
where here in an abuse of notation |0 is the zero-particle state for the mode labeled by , m, ι that is annihilated by a , m,ι (χ o ), and since the Hamiltonian for these values of , m, ι has the form (30), the unitary time evolution of the system is a squeezing operator:
Using the Baker-Campbell-Hausdorff equation (see, e.g., [25] for intermediate steps), (50) gives
so even the states that are not initially excited with respect to the Fock vacuum contribute to the spatial volume in a similar way (i.e., with exponential growth) as the states that are initially in an excited condensate state. Further, this shows that, for these , m, ι, the contribution to the spatial volume undergoes a 'bounce' that goes through 0, but whose evolution always remains welldefined. In the case that the initial state is |Ψ(χ o ) = |0 (i.e., the Fock vacuum for all , m, ι), then the total spatial volume is simply given by a sum over all , m, ι of (52), with the result being a bouncing universe with a minimum value of V = 0.
Comparing the dynamics of the expectation value of the volume V and momentum of the massless scalar field π χ to the classical solution V = A exp[± √ 12πG(χ − χ o )] (this can be derived from the relational form of the Friedmann equations given in, e.g., Appendix A1 of [15] ) and π χ constant, it is immediate to see that the solution (47), and also the solution (52), has the correct classical limit on both sides of the bounce if all M 2 , m,ι = 3πG/4, since for sufficiently large |χ| all of the contributions to V σ go as ∼ exp(4|M , m,ι χ|).
Further, while the condition that all M 2 , m,ι = 3πG/4 is sufficient to obtain the correct classical limit, it is not necessary. Indeed, if there is a maximal |M , m,ι |, at late relational times it will be these quanta that will dominate the dynamics and it is sufficient that M 2 , m,ι = 3πG/4 hold only for the largest |M , m,ι |.
An interesting possibility is that, depending on , m, ι, in some cases K (0) and K (2) have the same sign, while in other cases they have opposite signs [28] . In this case, some of the contributions to the Hamiltonian will be of the form (29) while others will be of the form (30) . For the first group, the Fock vacuum is stable (for a positive M , m,ι and in the limit that the potential U is negligible), but not for the second group. For a 'mixed' Hamiltonian of this type, consider a state |Ψ = |0 1 ⊗ |σ 2 where the first group are unexcited with respect to the Fock vacuum, but the second group is in a condensate state of the form (34) . Then, the first family of quanta would never be excited throughout the evolution (except by the potential U at subleading order), while the remainder would evolve as described earlier in this section. In particular, so long as there is at least one GFT excitation with a contribution of the form (30) to the Hamiltonian, the emergent space-time for the state |0 1 ⊗ |σ 2 will undergo a non-singular bounce, with the correct classical limit on either side (assuming M 2 , m,ι = 3πG/4 for that particular excitation). This matches what has been found previously in a similar context [28] . (If the initial state is instead |0 , then so long as there is at least one contribution (30) to the Hamiltonian, the emergent space-time will undergo a bounce through the no-space state |0 , but still with the correct limit either side of the bounce.)
It is also interesting to compare these results with those of loop quantum cosmology (LQC), where the background-independent, non-perturbative quantization techniques of loop quantum gravity are applied to the symmetry-reduced phase space of, e.g., FLRW space-times [29, 30] . One of the key steps in LQC is expressing the field strength operator in terms of a holonomy of the Ashtekar-Barbero connection around a loop of minimal area; the motivation underlying this is the assumption that a cosmological space-time is composed of a very large number of Planck-scale quanta of geometry, which can be approximated by N ≫ 1 'minimal excitations' quanta of geometry. In LQC, for a sharply-peaked state the dynamics of the expectation value of the spatial volume V for the flat FLRW space-time minimally coupled to a massless scalar field χ, expressed in terms of the relational time χ, is
where ε c ∼ 1/G 2 is the critical energy density the bounce occurs at. (This can be derived from the relational equations of motion for LQC given in, e.g., Appendix A2 of [15] .) In the GFT context considered here, the assumptions underlying LQC would correspond to a condensate state where a single type of excitation dominates the sum contributing to the total volume in (47). This could arise for a number of reasons, for example if one value of |M , m,ι | is larger than all the others, or if all of the contributions to the relational Hamiltonian are of the form (29) , except for one contribution of the form (30) . In these cases, the sum in (47) trivializes so that
where A o, mo,ιo has been rewritten using (49). Using M 2 o, mo,ιo = 3πG/4 to ensure the dynamics have the correct classical limit, these dynamics for V σ are identical to the effective LQC dynamics for V with a critical energy density of
(Using the approximate scaling V ,ι ∼ 3/2 ℓ 3 Pl with = (j 1 j 2 j 3 j 4 ) 1/4 , then ε c ∼ 3/(2 3 G 2 )). As a result, the bounce in the expectation value for the volume occurs when the energy density of the scalar field χ reaches the Planck scale, specifically ε c .
The results in this section are very similar to what has been found before in GFT, both in a framework that is not explicitly relational with a complex field ϕ with 'time-less' commutation relations [15, 27] , and also in a toy model developed to capture the salient features required for a good cosmological sector [25] , namely 'equal relational time' commutators and a squeezing operator as the relational Hamiltonian. It is interesting that starting from the GFT action (11) , it is possible to derive commutation relations and a Hamiltonian analogous to those postulated in [25] . The results obtained here are slightly different from those found in [15, 27] using a different GFT based on a complex field and 'time-less' commutation relations, with two main differences: (i) in [15, 27] there also appeared a new constant of the motion (which does not appear here) that if non-zero shifts the energy/curvature scale of the bounce, and (ii) here π χ is captured by the relational energy, while in [15, 27] π χ is related to the U (1) symmetry of the complex GFT field. Also, the solution for ρ , m,ι (χ) is simpler in the relational framework used here (compare (46) with results in [31] ). Despite these differences, the qualitative results obtained for condensate states in these two different GFTs, namely a non-singular bouncing cosmology with the bounce occuring at the Planck scale, are similar and so suggest that these results are robust and independent of the details of the GFT.
VI. DISCUSSION
For a group field theory corresponding to Lorentzian gravity minimally coupled to a massless scalar field χ, a relational Hamiltonian for GFT can be obtained from the Legendre transform of the GFT Lagrangian using χ as the relational time variable. This provides a new path to define the quantum theory for the GFT using 'equal relational time' commutation rules for the fundamental operators corresponding to the GFT field ϕ and its conjugate momentum π.
As condensate states are by their nature homogeneous in that all quanta are in identical states, in GFT these states are expected to correspond, when coarse-grained, to cosmological space-times. In line with this expectation, from the dynamics of the simplest coherent states emerge the Friedmann equations, with quantum gravity corrections. These Friedmann equations have the correct classical limit for a specific value of the GFT coupling constants, namely M 2 , m,ι = 3πG/4, and the quantum gravity corrections ensure that the zero-volume big-bang singularity state is generically resolved and replaced by a bounce.
In addition, in the case that one configuration of spins and intertwiners dominates the condensate state, then the dynamics are identical to those of loop quantum cosmology, with the critical energy density given by ε c = 3πG 2 /2V 2 o,ιo , where V o,ιo denotes the volume of the dominant quanta. This result further strengthens the results of loop quantum cosmology as qualitatively similar results (and even quantitatively identical results in a limiting case) are obtained in the full GFT quantum gravity theory that includes all degrees of freedom.
It would be interesting to extend these results in a number of directions. The simplest extension would be to consider a GFT where the kinetic term in the action is not diagonal in the group indices. There has also been recent work in the non-relational form of GFT, as applied to cosmological condensates, to study the effect of the interaction term [32, 33] , to include anisotropies in the quanta of geometry [34] , and to handle cosmological perturbations [35, 36] ; the same could be done in the relational framework developed here.
A potentially important generalization would be to determine whether it is possible to construct a relational Hamiltonian in the case that the scalar field has a nonvanishing potential, in which case the GFT action would depend explicitly on the relational time variable [24] . Another interesting extension would be to go beyond leading order in the expansion in in (9) . However, this would give a higher-derivative theory which would likely prove difficult to quantize canonically. Finally, it would be interesting to also consider the case where the GFT field ϕ is complex; this would imply the existence of 'antiparticles' of geometry. While the interpretation of these geometric 'anti-particles' is not immediately obvious (although see [17, 37, 38] for some ideas that might be relevant), it would nonetheless be interesting to understand how the presence of anti-particles may modify the theory and its predictions.
